In this paper we establish the relation between graded essential extensions of graded modules and injectivity of such modules. We relate the graded injective hull E gr (M) of a graded module M with the graded essential extensions of M. We round off by establishing necessary and sufficient conditions for indecomposability of graded injective modules in terms of their graded injective hulls.
Introduction
The study of projective and injective modules constitutes the backbone of the modern homological algebra. Injective modules are closely related to essential extensions. Actually, if R is an associative ring with 1 then an R-module M is injective if and only if it has no proper essential extension. Moreover, the idea of essential extensions has been proved to be indispensable in the formation of the injective hull of a module which is crucial for the theory of rings of quotient. For over forty years, the theory of injective modules has been widely investigated and various aspects of this theory has been completely settled, cf. [1] , [2] , [3] , [4] . This paper is devoted to the study of the interplay between graded essential extensions and graded injective modules. In section 2 we recall some basic notions, definitions, and preliminary results. In section 3 we investigate the relation between the concept of graded essential extensions and injectivity of graded modules. Actually, after deriving the basic properties of graded essential extensions in Proposition 3.1, we provide an important characterization of graded injective modules in terms of graded essential extensions. Graded versions of the well known results of Echmann, Schopf, Baer, Bass, and Papp are proved in Theorem 3.4 and Theorem 3.8. We round off by establishing equivalent conditions for indecomposability of graded injective modules (Theorem 3.11).
Preliminaries
Throughout this paper G is a multiplicative group with identity e and For any G-graded R-modules M and N, an R-linear map :
By R-gr we denote the category of G-graded R-modules and the morphisms are taken to be the graded morphisms of degree e. If :
is a graded morphism of degree e we say that f is a gr-homomorphism. A submodule N of a G-graded R-module M is said to be a graded submodule of M if For details on graded rings and modules we refer to [5] , [6] , while for details on extended injectivities of modules we refer to [7] , [8] Lemma 2. 
Graded Essential Extensions and Graded Injectivity
If N is a graded submodule of a graded R-module M then N is called a gr- 
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. This proves our claim.
, 5. It is well known that
. According to proposition 2.3.5 of [6] , the proof of 4. and 5. is similar to the proof of lemma 1.1 and lemma 1.7 of [3] . Lemma 3.2. Every graded R-module M has a maximal graded essential extension.
Proof. Let I be a gr-injective module containing M.
∈ be a family of graded essential
Suppose that Λ is linearly ordered by inclusion. Let { } N j j J Γ = ∈ be a totally ordered subset of Λ . For every
Proof. Let M be gr-injective. Suppose that there exists E R gr ∈ − such that .
. By the injectivity of M, the Since I is gr-injective, σ extends to a gr-homomorphism
and since σ is monic we get I M S = ⊕ . Thus M is a direct summand of the gr-injective I and hence M is gr-injective as claimed.
The following is the graded version of the well-known result of Echmann, schopf and Baer, [8] , [3] . Theorem 3.4. For modules M I ≤ in R-gr, the following are equivalent: 1. I is gr-maximal essential over M. 2. I is gr-injective and gr-essential over M. 3. I is gr-minimal injective over M. In the following Theorem we prove the graded version of the well known result of Bass and Papp Theorem [9] Theorem 3. Proof. First we prove that any gr-injective module contains gr-injective indecomposable submodule. Let
. Since R is gr-noetherian then it is easily checked that ( ) E Rx gr contains an indecomposable gr-injective submodule. Now, for any gr-injective module M R , consider all the families of all gr -injective indecomposable submodules of M whose sum is direct. By Zorn's lemma there exists a family { :
which is maximal, then
is gr-injective by Theorem 3.8 and E is a direct summand of gr-injective as well, then by the first part of the proof E must contian an indecomposable gr-injective submodule which contradicts the maximality of { : } M i I i ∈ , thus E must be zero. This proves our claim.
Corollary 3.10. Let N be a finitely generated module over a graded noetherian ring R. Then ( ) E N gr is a finite direct sum of indecomposable gr-injective submodules.
Proof. By Theorem 3.9, ( ) This implies that α β + is a nonunit in E; hence E is a local ring. 6) ⇒ 1) If E is a local ring, it does not have nontrivial idempotents
Conclusion
Along the proofs of the results of this paper one can easily discover that the iterated use of essential extensions of graded modules seems to deserve further development. For instance, using Theorem 3.11, it is quite possible to prove the graded version of the important well known theorem of Matlis which states that : If R is either a commutative noetherian ring or a right artinian ring then there exists a bijection between the set of isomorphism classes of right indecomposable injective R-modules and the set of all prime ideals of R .On the other hand , one can also try to compute the graded injective hull of cyclic non-free graded modules and graded modules over graded noetherian rings which are not PID.Finally, the results of this paper enable us to study the graded extended injectivities of graded modules such as Soc-injectivity , Rad-injectivity, and almost injectivity, cf. [1] , [2] , [4] . However this is not the aim of this paper, it will be the topic of some forthcoming work.
